A recent study shows that the classical theory concerning accuracy and points per wavelength is not valid for surface waves in almost incompressible elastic materials. The grid size must instead be proportional to (
Introduction
Consider the half -plane problem for the two -dimensional elastic wave equation in a homogeneous isotropic material. With time scaled to give unit density the displacement field (u, v) is governed by u tt = µ∆u + (λ + µ)(u x + v y ) x , v tt = µ∆v + (λ + µ)(u x + v y ) y , (x, y) ∈ (−∞, ∞) × [0, ∞), t ≥ 0,
where λ > 0 and µ > 0 are the first and second Lame' parameters of the material. We assume that both Lame' parameters are constant. Initial data for (u, v) and (u t , v t ) is given at t = 0. On the boundary y = 0 we consider conditions on the normal and tangential stresses v y + λ λ+2µ u x = g 1 (x, t), u y + v x = g 2 (x, t), y = 0, t > 0.
With g 1 = g 2 = 0 (2) is called a traction free boundary condition. The elastic energy, a semi -norm of the solution to (1) , is given by
The elastic energy satisfies (see e.g., [7] , pp. 582 -600)
In particular, with a traction free boundary condition the elastic energy is constant, E(t) = E(0), t ≥ 0, g 1 = g 2 = 0.
It is well known that (1) admits compressional and shear waves. This becomes transparent when considering the simpler set of equations equivalent to (1) ,
Here the equations for φ and H, governs the propagation of compressional and shear waves with phase velocities √ λ + 2µ and √ µ, respectively. The displacement field (u, v) is obtained via
The boundary condition (2) in terms of φ and H becomes, φ xx + φ yy − 2µ λ+2µ (φ xx + H xy ) = g 1 (x, t), 2φ xy + H yy − H xx = g 2 (x, t), y = 0, t > 0.
For a discussion on how to arrive at (6) -(8) from (1) -(2) see [7] , pp. 273 -278. The elastic wave equation with a traction free boundary condition also admits Rayleigh surface waves. These waves travel harmonically along the surface of the half -plane, whereas the amplitude decay exponentially into the domain. The phase velocity c R of the waves satisfies c R / √ µ < 1. The exact value of the quotient depends on µ/λ, but an approximation is given in [13] by c R / √ µ ≈ (0.87 + 1.12ν)/(1 + ν) < 1. Here ν = λ/2(λ + µ). Hence, the Rayleigh surface waves always travel slower than both the compressional and shear waves. In many applications the period of the solution is given through boundary and internal forcing and can be considered as known. Then, as the phase velocity of a wave is defined by the ratio of its length and period, the shortest present wavelengths becomes proportional to √ µ. According to the classical theory in [8] an accurate numerical solution is obtained if the shortest wave length is not smaller than a constant number of grid sizes, where the constant depends on the order of accuracy of the numerical method. This predicts that the grid size should be proportional to √ µ. In a recent paper by H -O. Kreiss and N.A. Petersson [9] materials with µ ≪ λ are studied. There it is shown that the classical theory is inadequate when simulating surface waves. Instead it is proved that the grid size must be proportional to (µ/λ) 1/p in order to achieve an accurate solution. Here p is the order of accuracy of the numerical method. This requirement becomes very restrictive close to the incompressible limit µ/λ ≪ 1, especially for low order methods. The theory in [9] was supported by numerical experiments using 2nd and 4th order discretizations of (1) -(2) with µ/λ as small as 10 . Another discretization of (1) -(2) was constructed in [3] . The discretization uses summation -by -parts (SBP) finite difference operators of orders 2, 4, 6, 8 [12, 11] to discretize the right hand side of (1) . The method uses the simultaneous -approximation -term (SAT) method [1] to approximate the boundary conditions (2) . By using the properties of the SBP operators stability of the resulting scheme was proven by constructing a discrete semi -norm of the discrete solution with the property of mimicking (4) . In particular, the discretization with a traction free boundary condition mimics (5) to machine precision. Accuracy and convergence of the discretization was verified by using a standing wave solution. In this paper we continue in the lines of [9] and use the code developed in [3] to further study simulation of surface waves in almost incompressible materials. In particular we study materials in which µ/λ < 10
In the concluding section of [9] remarks are made on the use of methods of higher order than 4. It is there concluded that numerical experiments must be performed to evaluate how small µ/λ has to be to compensate for the higher complexity of higher order methods. As an introductory example we therefor let a Rayleigh surface wave propagate in the half -plane y ≥ 0 with a traction free boundary condition at y = 0. The wave clings to the surface and decays exponentially in y, see Figure 1 . We take λ = 1 and µ = 10 . The solution is scaled such that the surface wave has unit wavelength. The resulting period of the solution is then T = 104.678. In the numerical experiment the x -direction is made 1 -periodic. The performance of methods using 4th and 8th order SBP operators are then compared. We use N x points per surface wave length and compute until time T /2. In Figure 2 the relative max error as a function of time is displayed for the different methods on a series of finer grids. Note that to achieve a relative max error of at most 5% the method using 4th order SBP operators require 101 grid points per surface wavelength. This is approximately 10 times the number of points predicted by the classical theory. The figure showing the results for the method using 8th order SBP operators shows that only 21 grid points per surface wavelength is needed to make the relative max error less than 5%.
The originality of this work follows in Section 3 and 4. Section 3 presents numerical tests on the performance of higher order methods with µ/λ as small as 10
. These results are used in section 4 to estimate the number of points per smallest wavelength needed to accurately approximate a version of Lambs problem ( [10] ) in a almost incompressible material. In an appendix we derive an analytic expression for the Rayleigh surface wave and discuss its sensitivity to a boundary truncation error in a numerical approximation. This presentation is analogous to the one given in [9] but differs in that the theory is obtained via the equations (6) - (8) rather than (1) - (2) . Concluding remarks are given in section 5.
The numerical method
The elastic wave equation on the second order form (1) was discretized in [3] . To approximate spatial operators high order SBP operators were used. In [3] it was shown how to impose a traction free boundary condition weakly with the SAT technique. A Dirichlet condition was imposed strongly by injecting data at the boundary. Stability of the numerical scheme was proved with the energy method by showing that the discrete system satisfies a discrete energy estimate mimicking (5) . The discretization and proof of the energy estimate was done . Results from a scheme using 4th and 8th order SBP operators are shown on the left and right, respectively. The number of points per wavelength is increased from top to bottom. Note that the grids are finer for the computations using 4th order SBP operators.
for general SBP operators without any restrictions on the order of accuracy. In this paper we consider numerical schemes constructed with 2p -th order SBP operators [12, 11] for p = 2, 3, 4. Although termed 2p -th order accurate the local order of accuracy is only p at a constant number of points in the vicinity of the boundary of the domain. It has been shown in [6] for a discretization of the Schrödinger equation using 2p -th order SBP operators the global order of accuracy is p + 2. This was also observed in the numerical experiments of [3] .
In the numerical experiments we impose periodic boundary conditions at x = ±L x in the x -direction. At a distance L y below the traction free surface at y = 0 we either impose a Dirichlet condition, when the exact solution is known, or use the perfectly matched layer (PML) constructed in [2] to absorb outgoing waves.
The discretization of spatial derivatives with SBP operators, enforcing of a traction free boundary condition with the SAT technique and a Dirichlet condition at y = L y results in a semi -discrete system of the type
Here u and v are vectors with approximative values of u and v at the grid points of the computational domain and h is the grid size. Q is a matrix with elements independent of h. To discretize (9) in time we use the 4th order time stepping scheme of [5] . This scheme was designed for a system of the type (9) in that it is not rewritten to a system first order in time. In [5] it was shown that if a time step k is chosen as
stability is guaranteed provided that a discrete energy estimate exists. Here C is a constant depending on the order of accuracy of the spatial discretization.
Using the PML results in a system of the type
Here w contains auxiliary variables arising from the addition of the PML. In the presence of a PML the system (11) is rewritten as a first order system in time and the classical Runge -Kutta 4 scheme is used to integrate in time.
A numerical study for different values of µ/λ
To perform reliable numerical computations it is of importance to know the number of grid points per surface wavelength needed to obtain a certain accuracy in an approximate solution. In this section we study surface waves in materials with varying µ/λ. We are interested in the performance of schemes using SBP operators of different orders to discretize (1) - (2). The numerical study is performed as follows. For a given value of µ/λ we determine the number of grid points, P R , per surface wavelength needed to achieve a relative max error of at most 5% after having propagated for 10 periods in time. As the number of grid points per surface wavelength needed for accuracy is proportional to (λ/µ) 1/p where p is the order of accuracy of the method, high order of accuracy is expected to become more influential as µ/λ decreases. The higher the order of the scheme the more computational effort is required. For this reason execution times are recorded. It is then possible to conclude how small µ/λ must be to compensate for the higher complexity of higher order schemes.
We use (22) and (7) to derive an analytic expression of a Rayleigh surface wave. We are computing in real arithmetic, therefor we use the real part of the displacement field (u, v),
(12) Here the phase velocity c R is given by (23). We keep the wavelength fixed at L R = 1 by choosing ξ = 2π. The values of α and β then follows from (14). The constant A 2 is arbitrary but we take A 2 = − 1 2π . For simplicity we keep λ = 1 fixed. The period, T , of the solution is then proportional to 1/ √ µ. We consider a domain which is periodic in the x -direction. The computational domain is chosen to contain exactly one wavelength of the solution. At the boundary y = 0 a traction free boundary condition is imposed. The time step is chosen according to (10) . The computational domain is truncated at y = 10 by imposing exact boundary data given by the exact solution (12) . The numerical computations are made on a single Intel Xenon W3680 3.33 Ghz processor. Results for different values of µ/λ are reported in Table 2 . We see that for 10 −3 ≤ µ/λ ≤ 10 −2 the schemes using 6th and 8th order SBP operators perform similarly whereas the scheme using 4th order operators need significantly more computational time to achieve a 5% relative error, in particular for the case µ = 10 . The errors obtained with the 4th order method are of the same magnitude as those obtained in [9] for the same values of µ/λ. For 10
the 6th order scheme is clearly disadvantageous compared to the 8th order scheme, it uses more than 4 times the amount of time to get a relative error of maximum 5% for µ/λ in this interval. For µ/λ ≤ 10
the required number of points per surface wavelength used by the 8th order scheme has increased very much above the value predicted by the classical theory and for such materials even higher order methods would be needed for an efficient numerical method. These computations verifies the theory of [9] for schemes of higher accuracy than 4 and predicts how small µ/λ must be for the different higher order methods to be more efficient when surface waves are present in simulations.
Case
P R e 4 T 4 e 6 T 6 e 8 T 8 µ = 10 322546 -- Table 1 : The leftmost column displays the value of µ/λ and the period, T , of the solution. The rest of the columns report the number of grid points per surface wavelength and the corresponding relative max errors, e p and execution times, T p for schemes using p-th order SBP operators.
Application: Lambs problem in almost incompressible material
We solve a version of Lambs problem [10] in which the surface of a half -space is subjected to a periodic array of line sources with loading normal to the surface. Lamb proved in [10] that under these conditions compressional, shear and Rayleigh waves are generated. The stress forcing of (2) is
where M is the distance between the sources and δ the Dirac delta function. We let f be the wavelet given by
f is shown as an inset in Fig 3(a) with ω = 1. With λ = 1, µ = 10 Figure 3(a) shows the magnitude of the displacement field. Periodic boundary conditions are applied at the vertical boundaries and the domain is truncated above with a perfectly matched layer [2] . To estimate the required number of points per wavelength to achieve a relative max error of at most 5% with a 6th order method we consult Table 2 to conclude that 25 points per wavelength should suffice. To ascertain this claim a reference solution with 200 points per shortest wavelength is constructed. As a comparison a solution using 10 points per shortest wavelength, a quantity predicted by the classical theory to yield a relative error lower than 5%, is also computed. The results presented in Table 2 verifies the claim for this application. Figure (3(b) ) shows the relative error in the magnitude of the displacement field at time t = 3.2. It is interesting to see that the main bulk of the error is seen to be located in the vicinity of the surface. This is in accordance with the theory presented in [9] , which predicts that the Rayleigh waves are much more sensitive to discretization errors than the shear and pressure waves. 
Conclusions
We have studied numerical difficulties in the simulation of surface waves in almost incompressible elastic materials. The work as been greatly influenced by the theory of H-O. Kreiss and N.A. Petersson in [9] . Here they showed that the number of grid points per wavelength of the surface wave needed for accuracy is proportional to (µ/λ) 1/p , where p is the order of accuracy of the method. This is opposing the classical theory which suggest a proportionality to √ µ. This requirement becomes more restrictive as the elastic material becomes more incompressible, µ/λ → 0. In this work we have used a SBP + SAT discretization of the elastic wave equation in a half -plane to study surface waves in materials in which µ/λ is as small as 10 . The main goal was to investigate how small the quotient µ/λ must be to compensate for the higher complexity of higher order methods. In particular we have used methods of orders higher than 4. The results of this study was then used in an application where we numerically solved a version of Lambs problem in an almost incompressible material.
A synopsis of the existence of a Rayleigh surface wave and its sensitivity to boundary truncation was given in an appendix. This presentation is analogous to the one given in [9] with the difference that the results where developed from the formulation (6) - (8) rather than the formulation (1) - (2) . In the case of elastic wave propagation in two half -planes in welded contact the existence of Stoneley interface waves with much similarity to the Rayleigh surface wave can be proved [4] . In a ongoing study the authors aim to investigate numerical difficulties in the simulation of the Stoneley interface wave. It is then believed that an approach similar to the one given in the appendix may be fruitful.
A The Rayleigh surface wave and sensitivity to boundary truncation errors
A.1 The Rayleigh surface wave
Consider the half -plane problem (6) -(8) with a traction free boundary condition, g 1 = g 2 = 0. We examine the existence of solutions of the type
Inserting (13) into (6) we get,
The solution to (14) is,
φ and H of (13) then becomes,
Letting A 1 = B 1 = 0 and inserting the expressions (16) for φ and H into the boundary conditions (8) we get,
The linear system (17) has a solution if and only if its determinant is zero,
Using the expressions (14) for α and β we can write (18) in the form
where
Since we exclude ξ = 0, the zeros of the determinant (19) are the solutions of ϕ(s) = 0. The function ϕ(s) was investigated in [9] its properties can be summarized in the following lemma,
Lemma 1
The function ϕ(s) has exactly three rootss = 0 ands =s 0 = ±iω 0 . ω 0 depends on µ/λ and 0 < ω 0 < 1. Furthermore, |ϕ(s 0 ) ′ | is bounded away from zero for all µ/λ.
Values ofs 0 and |ϕ(s 0 ) ′ | for some values of µ/λ are calculated in Table 1 . Using the fact 0 < ω 0 < 1 in the expression (20) for s we get represents Rayleigh surface waves with amplitude that decays exponentially in the y -direction. The waves travel harmonically along the x -axis with phase velocity c R = ω 0 √ µ.
Note that A 1 and B 1 necessarily vanishes, otherwise the solutions would have an unbounded amplitude for increasing y. In case of the roots = 0 (17) gives A 2 /B 2 = 1/i so that φ = A 2 e iξ(x−y) , H = iA 2 e iξ(x−y) .
The relation (7) then gives u = v = 0. That is, the roots = 0 corresponds to a displacement field that vanishes everywhere.
To achieve a relative error in the phase velocity of size ǫ, with 0 < ǫ ≪ 1 we must choose the grid size h such that λh 2 ξ 2 |τ | µ = ǫ, τ = i (0.3τ 11 + 0.027τ 12 + 0.55 (τ 11 + τ 12 )) 4.24 .
If the computational grid has P R points per surface wavelength L R = 2π/|ξ| we get
That is, as µ/λ → 0 the number of points per surface wavelength must be proportional to λ/µ to maintain an relative error in the phase velocity of ǫ.
For a p-th order method the leading order truncation errors terms are
and (38) is replaced by
The number of grid points required to maintain an error in the phase velocity of ǫ now becomes
Hence, as µ/λ → 0 the number of grid points per surface wave length grows much slower for larger p.
